We review the recursive solutions of the Seiberg-Witten map to all orders in θ for gauge, matter and ghost fields. We also present the general structure of the homogeneous solutions of the defining equations. Moreover, we show that the contribution of the first order homogeneous solution to the second order can be written recursively similar to inhomogeneous solutions.
Introduction
Noncommutative (NC) gauge theories have found many applications ranging from solid state physics to particle physics and also to quantum gravity since the noncommutativity in space-time induces naturally a quantum structure.
One of the main tool to study these theories is to use the so called SeibergWitten (SW) map which is a relation between the fields that are defined on the NC space to their ordinary counterparts defined on the usual commutative space 1 . Although the existence of such a map is originally derived by taking two different low energy limits of string theory, soon after it was found out by Wess and his collaborators that the map exists between NC and commutative gauge theories in a more general setting without referring to the string theory [2] [3] [4] . This construction is purely algebraic and works for arbitrary gauge groups such as SU (N ).
The SW map is a gauge equivalence relation between NC and commutative gauge theories. It can be solved by studying the map at each order of the deformation (noncommutativity) parameter θ. As a result, the commutative counterpart of the NC theory contains new interaction and higher derivative terms at each order in θ.
At first sight, it can be thought that to study the first order solution of the SW-map is sufficient to obtain the leading contribution, for instance to the NC Standard Model 5 . However, higher order terms are also needed to study the consistency of the NC theory itself, such as renormalizability. Moreover, when NC gravity is considered, the first order contributions in θ from the SW-map vanish identically. Therefore, one has to know at least the second order solutions. Second order solutions are studied by several authors [6] [7] [8] [9] [10] . These maps are different from each other up to a homogeneous solution with different coefficients a due to the freedom in the solutions 11 . On the other hand, the solution of SW-map to all orders in θ for the gauge field, matter field (both in adjoint and fundamental representation) and the gauge parameter is given in Ref. 12 . These solutions match with the second order solutions given in Ref.s 6-10.
The advantage of the solutions given in Ref.12 is that they are given recursively in terms of lower order solutions and hence it simplifies considerably to study the higher order contributions in θ. Recently, it has been shown that these solutions can also be rewritten in a geometric setting and they are compatible with hermiticity and charge conjugation conditions 13 . Our aim in this short note, is first to review the results given in Ref.12 in a slightly different setting 14 and then to comment on the general structure of the homogeneous solutions of the SW-map to all orders. Moreover, we also show that the contribution of the first order homogeneous solution to the second order can be written again in terms of the first order homogeneous solutions, similar to the inhomogeneous case.
The Seiberg -Witten Map
The simplest non-commutative space is the deformation of the ordinary Minkowski space with a real constant antisymmetric parameter θ :
The non-commutativity is realized with the * -product of Groenewold-Moyal 15 :
which is associative. In this space, NC field theories are obtained by replacing the ordinary products with the * -product. Therefore, the action for NC Yang-Mills (NCYM) on Moyal space is written aŝ
* is the NC field strength of the NC gauge fieldÂ. The action (2) is invariant under the NC gauge transformations:
Here,Λ is the NC gauge parameter. One can also consider a more general action that contains matter bΨ that transform under the adjoint or the fundamental representation of the gauge group. For instance for the fundamental representation we writeδΨ
The SW map between NC gauge fieldÂ µ and its ordinary counterpart A µ is given as a gauge equivalence relation
A similar gauge equvalence relation can be written between NC matter fieldsΨ and ordinary matter fields ψ
These equivalence relations dictate the following functional dependence :
where λ is the ordinary (commutative) gauge parameter and δ is the ordinary gauge transformation :
To solve the gauge equivalence relations (5) and (6) order by order in θ, one can writeÂ,Ψ andΛ as power series in θ :
By solving simultaneously forÂ µ andΛ, the first order solutions of Eq. (5) for A (1) µ and Λ (1) are given as 1 :
and for Ψ (1) of Eq.(6) as 4 :
However, solving (5) and (6) simultaneously for higher order terms is extremely difficult. To disentangle this difficulty one can generalize the ordinary gauge consistency condition δ α δ β − δ β δ α = δ −i[α,β] to the NC case
The Solution of the Seiberg-Witten Map
Let us, consider BRST transformations s instead of ordinary gauge transformations δ:
where c is a Grassmanian ghost field carrying ghost number one. One can generalize the BRST transformations s to the NC BRST transformationsŝ 14 :ŝÂ
whereĈ is the NC counterpart of c. Since c carries a ghost number one,Ĉ (and each term in its expansion in θ) also carries the same ghost number. As s, the NC BRST transformationŝ is nilpotentŝ
and therefore one can explicitly study the underlying cohomological structure in the NC case 14, 16 . Moreover, by requiring SW-map respects the gauge equivalence (5)ŝÂ µ (A; θ) = sÂ µ (A; θ). ,ŝΨ(ψ, A; θ) = sΨ(ψ, A; θ)
it can be shown that the nilpotency ofŝ is nothing but the gauge consistency condition (11) 14 . To find the SW-maps ofĈ,Â µ andΨ at each order in θ, one can write from (13) and (15) 
where superscript n denotes the order of θ in the expansion. Note that for θ → 0 we recover the ordinary fields c, A µ and ψ on the commutative space. Here, * r denotes the r-th term in the expansion of the star product (1) :
A new operator ∆ can be defined by reorganizing the equations in (16) such that the n-th order term of the respective field only appear on the left hand side of 
The operator ∆ is also nilpotent
and as it is seen clearly from its definition it carries ghost number. Our aim is to solve Eqs.(17,18,19) order by order. As it is shown in Ref.12 these solutions are recursive relations between the lower order solutions and higher order ones.
However, these solutions are not unique. One can always extract the homogeneous part from Eqs. (17, 18, 19) 
and add at each order any homogeneous solutionC
µ , Ψ (n) with arbitrary coefficients 4 . (This freedom in the solutions were first studied in Ref.11.) Moreover, adding a homogeneous solution at lower orders will also contribute to the higher orders. We will denote these contributions as barred fieldsC (n) ,Ā (n) ,Ψ (n) .
Inhomogeneous solutions to all orders
By studying Eqs. (17 -19) order by order, the inhomogeneous solutions to all orders are obtained in Ref. 12 as
where
A similar expression can also be written for the field strength
For a matter field that transforms under the adjoint representation of the gauge group a similar solution can be found either by studying the respective equation or by simply dimensionally reducing the Eq.(22) from six dimensions to four where the extra two dimensions commute 17 . The solution is then found to be 12 ,
Note also that, the solutions (23) and (24) can be used both for bosonic and fermionic fields.
In Ref. 12 , it is also shown that these solutions (22-24) can be obtained by directly solving the respective Seiberg-Witten differential equation that can be obtained by varying the deformation parameter infinitesimally θ → θ + δθ for gauge fields
and for matter fields
We refer to the Ref.12 for details.
Homogeneous solutions at each order
From the definition of the operator ∆ one sees that it commutes with the covariant
and hence we get
Solutions of the homogeneous equations at each order for the gauge field and the matter fields
can be written at each order by dimensional analysis (and matching the ghost number of the fields) such that these solutions contain appropriate powers of θ µν , D µ and
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For instance, at first order we have
and typical second order solutions have the form
Since these solutions contain only covariant derivatives and field strengths it is trivial to show that they satisfy (20).
Contribution of the first order homogeneous solutions to the second order
It is clear from the equations that define the all order solutions (18,19), the homogeneous solutions of lower orders will contribute to the higher order ones. In order to find these contributions for the second order let us decompose the fields at the first order fields as 1) and the second order ones as (2) . Here, A (1,2) and Ψ (1, 2) are the inhomogeneous solutions,Ã (1, 2) andΨ (1, 2) are the homogeneous solutions andĀ (2) andΨ (2) are the contribution of the first order homogeneous solutions to the second order.
We can then obtain Eqs. forĀ (2) andΨ (2) from Eqs. (18,19) as
One can show that ∆ 2 = 0 still holds by using for instance ∆∂ λÃ
γ ] and ∆C
(1) = − 
γ andΨ (2) can be obtained in terms of first order homogeneous solutions (30) :
We hope to present the general structure and the physical implications of the general solutions including the ghost fieldsC (n) ,C (n) in a future publication.
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